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l.

Let cp be a nonnegative, even and continuous function on [--f, f],
decreasing on [0, f] and such that (p(O) = I and °'S; cpU) < I for 0 < t f.

For a continuous function f on I ccc [a, h] with b - a f, let

.0

K"U; x) = Pi! I I(t) cp"(t
.,(/

x) dt, II -cc I, 2, ... , (1.1 )

where

lip" == 2 r(p"(t)dt.
'0

Linear posItIve operators of this form were introduced by Korovkin in
his book "Linear Operators and Approximation Theory." He has proved that

uniformly on every interval II! [a! 8, b -- 8], where 0 < 8 < Hb -- a).
Many special, well known linear positive operators are of essentially this

form.
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We have, for instance,

q;(t) (' I',
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o I'

r

(Weierstrass [I]);

[Landau [2]);

(Picard):

x (Bui, Fedorov. Cervakov [4]);

f('(f) f 21" I' l,k

f(( t) (' 0 r ,~

(p(t) -- ('
/ll!, 0 r

1,2.... (Mamedov [3]):

(p(t )

r IT

o I' x

(de la ValleePoussin [5]):

(Mirakian [6]).

Here lo(x)c 2::ooll (X/2)21'/(2k) is the Bessel function of imaginary
argument. Mirakian has also studied linear positive operators generated by
q;(t) = INU), where tJ;(t) = I -+- 2::1 CI,1

2I,. assuming that all the coefficients
CIi: are positive and that the series converges on [-r, r],

The aim of this paper is to study the degree of approximation of f by
linear positive operators K,,(/). Using an inequality of Shisha and Mond
(see [7, 8]) we shall prove first the following result.

For n I. 2•.... we have

where

I K,,(/)-f ( 1.2)

Here II g liE = sup{ g(x) : x EO E}. and Wf is the modulus of continuity off
The degree of approximation thus depends on how fast the sequence (fL,,)

converges to zero. We shall show here that this depends on the asymptotic
behavior of the function '{' in the neighborhood of zero. Generally speaking.
the faster '{'(x) approaches I as x --+ 0, the slower fLn approaches 0 as 11 _.~ 00.

More precisely, we have the following result:

fl

where 0 < C < 00 and 0 < IX <. c:D. then

C

fLn = (1)(11 1/<», (11 _..~ 00). (1.3)
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From (1.2) and (1.3) we obtain immediately our first main result:
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THEOREM I. Let rp be a nonnegative, even and continuous function on
[- r, r), decreasing on [0, r), such that rp(O) = I and 0 rp(x) < I if
o x r. For every f E qa, b], 0 <: b - a r, let K"U) be defined by
(1.1). If, for saIne ~ 0 and c 0,

c

then there exist positil'e numbers L(rp), M(rp) and N«(p) such that

K"U) -f (1.4)

forereryn N(rp).

As corollaries of Theorem I we obtain the following results valid for
xE[a-i-o,b-o]andn N(rp):

If rp is the kernel of Weierstrass, Landau. de la Vallee-Poussin or Mirakian,
we have

and so

o c OC:,

If rp is the kernel of Mamedov, we have

and so

If rp is the kernel of Picard or, more generally, of Sui, Feclorov and
Cervakov, then

lim ~-=- rp(x)==
x-'O+ x 1/"

and, consequently,

I KnU) - f!l!o :s; L(rp) Wt(n-") + M(rp)!!f!l! 0-2n-2/..

Finally, we shall show that Theorem 1 cannot be essentially improved in
the class en[a, b] of continuous functions f on [a, b] which have the property
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that wi(h) Q(h) for every h O. Here Q(~O) is a flxed modulus or
continuity, i.e., a continuous. increasing and subadditive function on [0.'£)
with Q(O) ~~ O.

Supposing that ffJ satisfies the same hypotheses as in Theorem I, we have
as our second main result the following.

THEOREM 2. Let

supliK,,(f) ! :fr= CjAa, h] and ,I

Then there exist posit ice lIumbers p( (p . .Q), P( (P, Q) alld N( (p. Q) such that

for all n

O· p(P, Q)

N(ffJ. Q )·

LJn(Q)
Q('-rT!~)

( 1.5)

From Theorem 2 we can obtain immediately the following corollaries.

COROLLARY I. For every fi/l1ction fE Cn[a, b] with
,

iI I. we hace

K,,(f) - ( 1.6)

for 01111 N(p. Q). alld the sequellce (Q(n l \)) call1lot be replaced by allY

sequence (1',,) oj'positice numbers for which

I, . f 1'" 0
1m 111 Q-(1/ -) .

II /1-- ' .. I\:

To see this, suppose that there were a positive number Q such that we had

for every f E Cn[a, b] with .n! I. and all n N. Then. by Theorem 2.
we would have, for all 11 max( N. N( <po Q), the inequality

Q1'" LJ,,(Q) p(p. Q) Q(w 1 ,).

and so

I· . f 1'"lin 111 --_.
", Q(II-- le )

For some functions Q, such as Q(h)
slightly stronger statement.

jJ(T-'EJ
Q

O.

I. we can make a
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COROLLARY 2. Let Q be a decreasing, continuous and subadditire function

Oil [0, Cf]), with Q(O) --c. O. such that

. Q(/1h)11m ---_.-­
110 Q(h)

o a I, (1.7)

.Ii}r erery 11 O. Then (1.6) holdsfor ereryfE CQ[a. b] with r 1, and the
sequence (n 1 ') cannot be replaced by any sequence (y,,) olpositire numbers

.\lIch that

lim inf nl;'Yn c = O.
n f

This result, too. is a very simple consequence of Theorem 2. Assuming that
there exists a positive number Q such that

QQ(y,,).

for everyfE CAa, b] with fir I. we find, by Theorem 2, that

QQ(y,,) LI,,(Q) p(rp. Q) Q(n-1 ')

Let (n,;) be such that n~/"Yn,. -- 0 (k -;> 00). Given an M (Q/p(rp. Q))10, we
can find an N ...! such that

M for all k

We have then, by the monotonicity of Q,

for all k 3 N M ,

and so

Q

which is impossible, since Ma > Q/p(rp. Q).
Condition (1.7), although not the most general, is certainly necessary for

the validity of Corollary 2. To show that Corollary 2 is false without
Condition (1.7), consider the function

\o. I h = 0,

i 10gO/h)' 0 h
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It is easy to see that Q o is a modulus of continuity which does not satisfy
Condition (1.7) since

for every /1 O. This modulus of continuity does not distinguish asymp­
totically between the sequences (w I') and (n ") as far as the degree of con­

vergence is concerned, since

Consequently, in the estimate

I K,,(f) f!iI,j

we can replace the sequence (n 1; ,) by any sequence (n") with (I 0, without

changing the degree of convergence. We have actually in this case the estimate

_'.~.2P( ep,_Qot
log n

for all fE C!Ja[a, b] with!fii' 1 and for all n N(ep, £20), However, in
view of Corollary I, the seq uence ( I(log n) cannot be replaced by any sequence

(Tn) such that lim inf"." Tn log n O.

2.

The proofs of Theorems I and 2 are based on two lemmas.

LEMMA I. Let ep be a nonnegatire, eren and continuous function on
[-r, r]. For ereryfE C[a, bj, 0 h a r, let Kn(f) be defined by (1.1).

We hare then, for n 1,2, ....

where

J~ t 2ep"(t) dt
]~ ep"U)Ji' .

Proof Since Kn is a linear positive operator on C[a,b], into C[a,b], we can
apply the inequality of Shisha and Mond [3] and obtain, for every x E [a,b],

IK,,(f, x) - f(x)1 ( 1 K II ( I. x)) wtlfLn) -+ I!I' Kn(l, x) - I, (2.1)
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where
JLn2 ;? max{Kn«(t - X)2, x) : a ,< x ,,~ b}.

We have, for every x E [a, b],

.b

Kn ( I, x) =C' p" J (p"(t - x) dt
II

.b-J:

P" j . rpn(t) dt
a-;"1.

1,,-"
Pn r:p"(t) dt.

-(b-II)

Since b - a r, and r:p is even, we have

K,,(I, x) .',,,, Pnf,. r:pl/(t)dt = 1.

Next,
.. fJ--,t

Kn(l, x) = Pn I r:p"(t) dt
-- (1-£

=,. Pn r r:p"(t) dt - P"r r:p11(t) dt - Pn r'(X-lIl rp"(t) cit.
-f v-x .... -··r
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(2.2)

Since the first term on the right side is I, and since r:p is even, it follows that
for x E /0 = [a -+ 8, b - 8], 0 < 8 <~(b - a), we have

K,,(l, x) - I I - pn C r:pn(t)dt .j-- Pn r r:pl/(t)dt
o. ').'.;1..' ;1>-(/

2pIIr rpn(t) cit

28 2p" rt 2r:p"(t) dt.
"'8

Hence, for x E /0 , we have

! Kn( I, x) -- I i 28-2Pn rt 2r:pn(t) dt.
o

Finally, for x E I = [a, b], we have

b

Kn«t - x)2, x) = Pn r (t - X)2 rpn(t - x) dt
• a

= Pn r-x

t 2r:pn(t) dt
• a-x

f
b-a

~ Pn t 2r:pn(t) dt.
-(b-II)

(2.3)
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Hence,

(2.4)

and Lemma I follows from (2./ )-(2.4).

LEMMA 2.

'itO) 1. ° Let (1 be a nonllegatice and decreasing fil!lctioll on [0. r].
<p(x) 1if0 x r, alld

lim I [rLy )
Y .() .Y'

l' (2.5)

Ifhere \. and l' are positire numbers. Theil. for ererr (3
we hare

o alld II

(2.6)/1'",.-' ~(I; 1JA(y, p)(nc

B(y, p)(nc) (i"l),_ (2c) (fJ 1) !:' ",,,,"

rr tfJ<pI/(t)dt
'0

where A(ty, (3) and B(o:, (3) are positire Ilumbers.

Proof From (2.5) follows that we can find an 711 E(O, (b . a)/2) such that

1- (p(x)
----_ -"------

x'

whenever 0 < x 7)1 < r. Let 7) min (7)1' (1/21')1 '). Then 0 7)

(b -- a)/2 -< r and, for °< x 7). we have

o I ·-·2ex' (p(x) --- .1)C.X\.

Since (1' is decreasing on [0, r] and f3 O. we have

rtfJ<pI/(t) dt
·'n

rt '3 <p"(t) dt I «('''Cry) rIN dt
"0 • Ii

r" II! ( I
'0 .

1 ."
.2 cr') dt

riJ 1 I . "
21'7)') .

Since 0 1-- let" e-C1 '/2, it follows that

r 1{3(p"(t) dl
"'0

1"'1) t de-ud <X-j2 dt 1-- rR , Ie" "fii'7/u ;i

'0

(_
2 )(fJll)j""i(",.. ~1

I xOe f'd.y
/lC '0

,.H.: le lIi'1]1.\/2
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and the right-hand side of (2.6) follows with

A(o:, (3) ..~ 2((; 11 (' x"e-"" clx.
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Next,

Since 2c7)'

rtB(P"(t) cit
"0

I, we have

rt/3q/'(t) cit
·'0

j''' t~( 1 _. 2et')" dt
'0

.r t6rpl/(t) cit

(2e) (81/ •• 1 .1 ..
~--_.~ (I X«;JI1)!» ·1(1 - X}/i clx - I X«61 1):,)~1(1 - x)n clx)

',x \.. 0 • 2('7/t I

Now, for I < y x. we have

T(x)
T(y)

xx-l/2e .IJ

vy · 1 / 2e:t

(see [9]). Using the last inequality. we find that

r(n I ..i- ((3 I )j\:)
---7'('-1-I )

(31 I 1)16+11/"(1 ...L ((3 + I)/CX)"+1/2
I n + 1

n I6 / 1 ) (2

We have also I - 2e7)'

f>..~I)(/3 ·11/.,

eX

rtiJrp"(t) dt
'0
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and the left side of (2.6) follows with

f3 I· c' 1) ,-I ., ,

Proof of Theorem I, By Lemma J we have. for 11 ..~ I. 2....

where

JI; t 2(p"(t) dt
l:;q.;U)~it .

By Lemma 2 we have. for all n sufficiently large.

A((x, 2)(l1c)- '" r:ll! ",·,,',2

B(lX.O)(I1C)-I-, (2c) 1 'I! 2,,, ...

Hence.

lim sup n!:'2,p..}
n-'·y

and Theorem I follows.

A((x,2) 2,
~-- C
B(l',O)

Proof of Theorem 2. For every fE Cora. h] such that !fi l

by Theorem I
I. we have

for every 11 N(qy). Hence, the inequality.

L(qy) Q(lr li') M(([.)(j 2/11 '.

holds for every n N( qy). Since Q is a modulus of continuity ~O, we can
find a positive number c such that Q(h) cll for every II O. Hence. for
every n N(qy) we have

and the right side of (1.5) follows.
Next, let

f(x) =0 Q(i ~((~ (~~)ld;2] . xE[a.h].
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Since Q is a modulus of continuity, it follows easily thatfE Cda, h] and that
f'll I. Consequently, we have

I.e"

Ll,,(Q) i K"U; (a h)/2)- f((a h)/2),

Ll,,(Q) K,Jf, (a - b)/2). (2.7)

Using the definition of the operator K" . we find that

Kn (I !!-'2 b) == b" .CQ (I t - !Z_ .~~ [) (P" (t -- a ; ~) cit

bn (' Q (t -- !!...-,,~-)- rp" (t-- !1.J:_~) cit
-(0' /')/2 2 2 -

• (V-a) /2

btl f - Q(t) (P"(t) cit.
- 0

where

b f-l"
" ~ Q(b ~ a)/2

I
2Q((b -.=--a}/i)l:; rp"(t) dt .

(2.8)

Now, as in the proof of Lemma 2. we can find an YJ E (0. (h - a)/2) such that,
for 0 < x YJ, we have

rp(x) ]- 2ex' O.

For n YJ" we have n J ' YJ < (h - a)/2, and so

a f b) ."-1/,,

K" (t; --2- ? bn .1
0

Q(t) rp"(t) cit

bn r"I/Q Q(t)( I .- 2et")" cit.
- 0

Since t n,l/, and Q is a modulus of continuity, we have

and so

K (f' ~j~!!")
n " 2 !

2etO)" cit.
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But
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r
"0

t( I 2et')/I tit (I 2~)" r" 1 I til
n, . II

I
') 1/ ,( I

therefore. from the preceding inequality it follows that

K (/. a
;/ \. ~

h) I
4 WI ()"Q(n 1

') (I for n max(1) '.21').

From this inequality and (2.7) we get

4
lim inf II 1, 8

11
• (2.9)

Finally. using (2.8) and Lemma 2. we find that

i.e ..

h - a' ./
2Q (---\ I (P"(t)tit

2 '0
(h--a)2Q--

i
-- (A(y.O)(n(") I ,

I---..~ .._._._.---- .•.-----

2Q((b- a)/2)(A(y, 0) I' I , fn l 'e '~)

and it follows that

lim inf /1-1" 8/1
11 f.

-------- -

2Q((h ---- a)/2) A(y. 0) .
(2.10)

Combining (2.9) and (2.10), we see that

I· . f LlnW)
1111 111 ------
11' Q(Jr 1,)

and Theorem 2 is proved.

8Q((b -- (,);2') AT~, el)

REFEREt--:CES

o.

I. K. WEIERSTRASS. "'Uber die analytische Darstcllbarkeit sogenannter willkurlieher
Funktionen einer reelen Yeranderlichen," pp. 633-639, Sitzungsberichte del' Akademie.
Berlin. 1885.

.., E. LANDAU, Uber die Approximation cineI' stetigen Funktionen dureh eine ganze
rationale Funktion. Rend. Cir. Mat. Palermo 25 (1908), 337-345_

3. R. G. MAMEDOY, The approximation of functions by generalized linear Landau operators
(Russian), Dokf. Akad. Nauk. SSSR 139 (1961),28-30; SOfie! Malh. Dokf. 2 (1961).
861-864.



ON THE PRECISION OF UI\IFORM APPROXIMATlO:\ 113

4. V. P. BUI, S. G. FWOROV, A"D N. A. C\RVAKOV, On a sequencc of lincar positive
operators (Russian), Trud.!' Moskor. Vish. Tehn. /(('. illl. N. E. BaumanCl 139 (1970),
562-566.

5. C. J. DE LA VAUfT-POUSSI!\, Sur I'approximation des fonctions d'une variable n~elle

et de leurs derivees par des polynomes et des suites finies de Fourier, Bull. Acad. Sci.
Bell'. (1908), 193 254.

6. G. M. MIRAKIAN, The investigation of convergence of an approximation procedure
(Russian), Issledorania po sorrelllennilll prohlelllam konstrllk tirnoi teorii fllnkcif, Moscow
(1961), 39-44.

7. O. SHISHA AND B. MONO, The degree of convergence of sequences of linear positive

operators, Proc. Nat. Acad. Sci. USA 60 (1968), 1196-1200.
8. O. SHISHA AND B. MO!\D, The degree of approximation to periodic functions by linear

positive operators, J. Approximation Theory 1 (1968), 335-339.
9. J. D. KEC'KIC- AND P. M. VASI(", Some inequalities for the gamma function, Pub!. Illst.

\fath. (Beograd) 25 (1971), 107-114.


